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ABSTRACT 

Basic kinematic considerations strongly suggest that effects arising from quark po- 
larization should be seen in peripheral heavy ion collisions producing very high angular 
momentum densities. No such effects have yet been observed in collisions corresponding 
to regions of the quark matter phase diagram where the quark chemical potential is small, 
but there is reason to hope that they may be in future. Using the holography of planar 
AdS black holes with angular momentum and electric charge, we suggest that the time 
available for these effects to develop varies quite rapidly across the quark matter phase 
diagram, in a way which might, in principle, be investigated through heavy ion collisions 
at future facilities such as FAIR and NICA. 
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1. Quark Polarization and AdS Black Holes 



The quark matter phase diagram [TJ[2], representing states of quark matter at various 
values of the temperature and quark chemical potential, is currently understood only in 
an approximate or qualitative sense. Until recently, experimental investigations, based 
on the study of heavy ion collisions, have only explored the region of the diagram near to 
the temperature axis; but a move towards larger values of the quark chemical potential 
is in its early stages in the beam energy scan programme of the RHIC collider [3][4J, and 
will reach maturity with the completion of the FAIR |5j and NICA [6] facilities. 
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Figure 1: Conjectured Quark Matter Phase Diagram 

In broad terms, one version^] of the phase diagram has the following structure. As 
in more familiar examples of phase diagrams, there are several lines separating various 
phases, with the Quark-Gluon Plasma [QGP] occupying all regions at sufficiently high 
temperature, and hadronic matter being found at lower temperatures and low values of 
the chemical potential. There is thought to be a critical point at a temperature T c given 
approximately by T c w 175 MeV and at a value of the quark chemical potential \x which 
is unknown but estimated to be in the range 1-4 times T c . The phase line separating the 
QGP and hadronic phases is thought to bend downwards from this point [8J |9J, so that the 
QGP can exist, at relatively high values of /i, at substantially lower temperatures than 
would be possible at or near the \x = axis. The phase line continues downward until 
it reaches a triple point, at a location which is unknown; the nature of the third phase 
[which may in fact consist of several distinct phases] is likewise unknown [see for example 
[TO] , and [UJ for a holographic approach]. FAIR and NICA are designed to explore the 

2 For other possible versions, see [7]. 
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region of the phase diagram around and beyond the critical point, and perhaps ultimately 
towards the triple point. Naturally it is of great interest to have theoretical predictions 
as to what will happen as the chemical potential is increased in this manner. We now 
turn to a particular phenomenon which might be affected. 

When heavy ions collide peripherally, a very simple and compelling kinematic argu- 
ment shows that, for favourable impact parameters, large quantities of angular momentum 
must be transferred to the QGP, should it be formed [T2j[13j[14|. This is based on the 
simple fact that the nucleon density in each ion is non-uniform in the transverse direc- 
tions, resulting in a shearing motion within the QGP formed in a peripheral collision. 
[See [13J for a particularly clear discussion.] This can be expected to have important 
indirect consequences [for studies of the vorticity of the plasma [15][T6][T7]], but it might 
also have directly observable implications. It has been very plausibly argued [12] [13] [II] 
that spin-orbital coupling will under these circumstances entail global quark polarization 
effects, leading to several striking and characteristic observable phenomena. 

Thus far, no unambiguous signals of this kind have been reported by the RHIC experi- 
ments: see for example [18] [19] for searches for such effects, specifically for spin alignment 
of certain kinds of vector mesons. Unfortunately it is very difficult [20J to estimate the 
precise value of the angular momentum at which observations might be expected, and 
there may be additional effects suppressing the polarization [21]. Becattini et al. [13] es- 
timate that the QGP formed in collisions of gold nuclei at the RHIC might, for an optimal 
impact parameter, acquire an angular momentum of 7.2 x 10 4 in natural units, and the 
corresponding figure at the LHC could be significantly larger. But perhaps these values 
are simply not yet high enough, or collisions with optimal parameters are not yet suffi- 
ciently numerous, to produce clear-cut polarization effects. In this work we shall assume 
that this is the case: that, as collisions with very high angular momenta are produced in 
greater numbers and in different experiments, these effects will eventually be observed. 

It is natural to ask whether the large chemical potentials eventually to be produced in 
collisions at FAIR and NICA will have any effect here. In this work, we suggest that the 
holographic approach p2j [23J [24] to the study of the QGP may give rise to an unexpected 
answer: large chemical potentials tend to trigger an instability in the QGP at high angular 
momenta. Presumably this would suppress polarization effects. The argument runs as 
follows. 

As always, one begins by choosing a thermal AdS black hole spacetime, which is to 
be dual to a field theory representing the plasma. Just as the temperature of the QGP is 
dual to the Hawking temperature of the black hole, so also we expect that it should be 
possible to model the internal angular momentum of the QGP, as produced in peripheral 
collisions, by a bulk black hole endowed with angular momentum. One first thinks of 
the AdS-Kerr metric [25] [26], and this metric has indeed been used to good effect by 
Atmaja and Schalm [27J to study certain aspects of a QGP endowed with large quantities 
of angular momentum. However, the standard AdS-Kerr metric induces a non-trivial 
topology [M x S 2 ] on the boundary, and this boundary does not rotate differentially, in 
the manner decribed above. In order to obtain a more realistic geometry for the dual 
theory one needs to use the "rotating" [actually, shearing] planar black holes discovered 
by Klemm, Moretti, and Vanzo [28] [the "KMV black holeS']. 

3 The subscript indicates planar topology for the event horizon, and also planar spatial geometry at 
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This apparently straightforward step, from spherical to planar topology, has an un- 
expected consequence, however: unlike topologically spherical AdS-Kerr black holes [29], 
these objects are unstable [30] when branes propagating in the bulk [as studied by Seiberg 
and Witten in [31]] are taken into account. This is actually a universal property of shear- 
ing asymptotically AdS black holes inducing planar topology and a reasonable velocity 
profile at infinity [32]. The brane action is in this case unbounded below, and the conse- 
quent uncontrolled brane pair-production would ultimately back-react on the black hole 
geometry, triggering a phase change which presumably has a dual interpretation in terms 
of a phase change in the plasma: the plasma ceases to exist as such, for reasons which are 
obscure on that side of the duality. 

A key observation in [30] was that the instability studied there is only physically 
relevant if it can evolve during the lifetime of the QGP formed in a heavy ion collision. 
This lifetime is of course very short: it is estimated that local thermal equilibrium is 
established around 1 fm/c, and that the QGP hadronizes at around 5 fm/c after the 
collision |33j at the RHIC, though somewhat later at the LHC ALICE experiment |34j . 
In [30] we proposed a way, using holography, of identifying trends in the rate at which 
the instability develops. We found that the rate increases very slowly with the angular 
momentum density. Therefore it is plausible that the instability will not be seen under 
normal circumstances, that is, at relatively low angular momenta: it will not have time 
to develop. In fact, we shall see that this remains true even for values of the angular 
momentum required to observe quark polarization in current experiments such as ALICE. 
[At extremely high angular momenta, the time scale of the instability may be comparable 
to the normal lifetime of the plasma, but it is not clear that such values can be attained.] 

This discussion was based, however, on the computations performed in [30], where it 
is assumed that the quark chemical potential is negligible. As we noted above, that is 
a good approximation for most current experiments, but it will not be appropriate for 
the beam energy scan experiments currently under way at RHIC or to be performed at 
FAIR and NIC A. We therefore need to ask: what is the effect of non- negligible chemical 
potentials on these computations? This is the subject of the present work. 

The introduction of a chemical potential is modelled holographically by placing an 
electric charge on the bulk black hole [36] [37], in addition to angular momentum. Using 
this new background, we can again estimate the rate at which the brane instability devel- 
ops in the bulk, as a function of the black hole parameters, including the electric charge. 
One finds that a non-zero charge modifies the rate at which the Seiberg- Witten instability 
develops in these systems to a significant degree. [Note that charging an AdS black hole 
does not in itself necessarily or indeed usually generate this instability [38] [39J .] 

As before, we can interpret the results holographically in terms of the rate at which an 
instability develops in the dual field theory. One can think of the results in the following 
way. Fix the angular momentum/energy density ratio at some [high] value. Then, in 
effect, the rate at which the "dual Seiberg- Witten instability" develops turns out to vary 
quite rapidly with position on the quark matter phase diagram — or, rather, on that part 
of it which describes the QGP. 

We have computed some of these characteristic times for some interesting parameter 

infinity. 

4 For a study of the role of the chemical potential in connection with quark polarization, see |35) . 
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values. In accordance with [40j[41j[42j, we do not claim that our numerical results are 
anything more than suggestive. What they suggest, however, is that the QGP is particu- 
larly susceptible to angular-momentum-induced instability at relatively low temperatures 
and moderate non-zero values of the chemical potential. The expectation is then that 
quark polarization effects will be suppressed in the corresponding sector of the quark 
matter phase diagram, even at values of the angular momentum which might otherwise 
be expected to render them observable. This would be of interest in itself; in a sense, 
it would also be an experimental probe of brane physics, since the Seiberg-Witten effect 
only arises because of the presence of branes in the bulk. 

We begin with a discussion of the relevant black hole spacetime. 



2. The QKMV Spacetime 

As is well known, in the asymptotically AdS case it is possible to find black hole space- 
times with event horizons having non-spherical topology [13]. This is fortunate, since 
it opens the way to considering boundary field theories defined on topologically trivial 
spacetimes, such as those in which actual heavy ion collisions occur. Evidently we need 
black holes with topologically planar event horizons; later, however, we will also find it 
necessary to make use of some results from the topologically spherical case, so we be- 
gin with non-rotating charged [AdS-Reissner-Nordstrom] black holes of arbitrary event 
horizon topology. 

If the event horizon is an n-dimensional [n > 2] compact space of constant curvature k 
= { — 1, 0,-1-1} [so that, in the k = case, we are dealing with a torus or related manifold], 
then the (n + 2)-dimensional metric with asymptotic AdS curvature — 1/L 2 is given by 



g(AdSRN^ 



k ) 

-2) 



r 2 ] 16vrM 8ttQ 2 

L 2 + ~ nVpCkjr-- 1 + n(n-l)(V[Xk]) 2 r 2n - 2 



dt 2 



dr 



2 



+ ? , j- lfaM 7 , 8^ — + rW[X^]. (1) 

Here dfi 2 [X k ] is a metric of constant curvature k = { — 1, 0, +1} on an n-dimensional space 
X k with [dimensionless] volume V[X^]. With the inclusion of these volume factors [33], 
M and Q are the ADM mass and charge respectively. However, for calculations involving 
local quantities [especially the local properties of the electric field around a charged black 
hole], we are more interested in the densities of M and Q at the event horizon of the hole. 
If r^ is the value of the radial coordinate r at the event horizon, then these densities are 
given respectively by M/V[X^]rg and Q/V[X^]rg. 

We see that, both here and in the metric itself, M and Q only occur through the 
quantities M* = M/V[X k ], Q* = Q/V[X£]. Therefore r h is itself determined by M* and 
Q*, rather than by M and Q, and so the same is true of the densities, which are given by 
M*/r£ and Q*/ r h- This means that M* and Q* are the basic quantities from our point 
of vie They have the following very useful property: in the k = case they allow 
us to replace the torus by a space of planar topology. We simply let the volume factor 



5 Note that, similarly, it is Q* that appears in the formula for the corresponding electromagnetic 
potential one-form. 
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tend to infinity, along with M and Q, in such a way that the quotients M* and Q* remain 
finite. This allows us to deduce metrics for black holes with event horizons having planar 
topology. [This argument is suggested by Witten's derivation [45] of a planar black hole 
metric from a spherical one.] 

As we explained earlier, for our current purposes we need to extend this discussion to 
the case where the black hole has angular momentum as well as electric charge. From 
equation (JTJ) we see that four-dimensional planar AdS-Reissner-Nordstrom black holes 
have metrics of the form 



r 2 8vrM* 4ttQ* 2 



g(AdSRN p 

I - !" I - „ 

L 2 



L 2 r r 



2 



dt2 + ~ £ ~ ^ + + <•?], (2) 

I _2 



where ip and ( are dimensionless coordinates on the plane; the mass and charge parameters 
M* and Q* are defined by a limiting process, as discussed above [so that the charge density 
at the horizon is Q*/ r L an< ^ similarly for the energy density]. Let us now add angular 
momentum, described by a parameter, conventionally denoted a: it is equal to the ratio 
of the angular momentum of the black hole to its mass [defined again by a suitable limit] . 
Then we obtain the charged versions [46] of the planar black holes [or "KMVo" black 
holes] discovered by Klemm et al. [28J; we call these the "QKMVo metrics": 

A T A^p 2 2 p 2 , p 2 2 , ' 



g(QKMVo) = -^-pdt 2 + ^dr 2 + j-dr + , 
S 2 A r A^p p 2 

where the asymptotic curvature is — 1/L 2 , and where 

2 2 , 2/2 

p = r + a ip 
r 4 

A r = a 2 + — - 87rM*r + 4ttQ* 2 
L 2 

aV 

A, = 1 + -^- 
S 2 = r 4 A^-a 2 ^ 4 A r 



wdt - d( 



(3) 



A r ^ 2 + r 2 A 
"E 2 



- = ^^^a. (4) 



Notice that reduces to (j2J) when a = 0, just as it reduces to the KMV metric when 
Q* = 0. Notice too that the metric induced on t = constant sections at the horizon has 
determinant equal to r^; therefore, M* and Q* retain their interpretations as in (J2J), so 
that, in particular, the charge density at the horizon is still given by Q*/r^ [though of 
course the numerical value has changed, because the horizon is now defined by the more 
complicated equation given by the vanishing of A r ]. 

With obvious changes, the properties of this geometry on and outside the horizon 
closely resemble those of the zero-charge KMVo spacetime, and the reader is referred to 
[28] for the details. Here we discuss only those properties directly relevant to constructing 
a holographic model of a dual field theory with a large angular momentum density and 
chemical potential. 

First we note that the geometry induced on the conformal boundary is represented by 
a metric of the form 

g(QKMV ) oo = -dt 2 - A s inl 2 (,/%^)dtdz + dx 2 + dz 2 , (5) 

7 Z v V L L y 



6 



where dx = Lch/>/\/l + a 2, ?/> 4 /L 2 , dz = LdC, i = y/— 1, 7 = (1 + i)/\/2, and sinl(x) = sn(x, 
i) is the "lemniscatic sine"; it is one of the Jacobi elliptic functions |I7]: see [32] for a 
discussion. 

There are three crucial observations to be made about this boundary geometry. First, 
and most obviously, the geometry of the x-z plan^l is ordinary Euclidean geometry, which 
of course is the actual spatial topology in which heavy-ion collisions are studied. This 
is obviously more realistic than the boundary topology of a topologically spherical AdS- 
Kerr-Newman black hole, which is also spherical in the spatial directions. 

The second point to note is that while the full boundary metric is not flat, it is [globally] 
conformally flat: this was verified explicitly, though perhaps not sufficiently emphasised, 
in [32]. Thus, as far as conformally coupled fields are concerned, the boundary geometry 
is effectively Minkowskian; any misbehaviour on the part of such fields cannot be ascribed 
to the unusual geometry [as can happen when the boundary is not conformally flat [31J]. 
This is closely similar to the situation described in |48] . where a rotating superconductor 
is described holographically using the boundary of the topologically spherical AdS-Kerr- 
Newman black hole: this boundary too has a non-trivial spacetime geometry, but it is 
[locally] conformally flat. 

Thirdly, because of the off-diagonal term involving time in equation (j5]), zero-momentum 
free particles in this geometry are frame-dragged in the z direction, with a "velocity" pro- 
file which varies with x in a manner determined by the form of the lemniscatic sine. As we 
have seen, this sort of differential velocity profile is precisely the way in which the internal 
angular momentum of the actual QGP arises. Therefore, the boundary of the QKMVo 
black hole provides a model of the internal motion of the QGP in this case. [Near to the 
axis of the collision, the QKMVo profile is fairly realistic; farther away, it is not, but we 
would not expect the use of a fully realistic profile to change our qualitative conclusions 
very greatly: see [32J for the reasons.] 

We stress that this result would not have been obtained if we had used the topologically 
spherical AdS-Kerr-Newman geometry. The latter does have differential rotation rates 
outside the event horizon, but this effect fades away at large distances, and the topological 
sphere at infinity rotates [like the event horizon] as if it were a rigid body |49j . 

To summarize: the transverse sections [r = constant] of the QKMVo black hole are 
not really "rotating" in the conventional sense: they are shearing, in the sense that the 
frame- dragging effect mimics a shear, and - - crucially - - this effect persists even at 
infinity. The QKMVo black hole [and related objects [32]] are therefore uniquely suited 
to provide a holographic description of the QGP when it is endowed with non-trivial 
quantities of angular momentum; which is in fact the generic case. It is clear that the 
QKMVo geometry is to be preferred, in this application, to that of the topologically 
spherical AdS-Kerr-Newman black hole. 

Now let us turn to the question of relating the QKMV parameters to those of the 
QGP when the latter's angular momentum density and quark chemical potential are both 
non-zero. 

6 We are following the standard conventions of the heavy-ion literature [see for example [15]]: the z 
axis is the axis of the collision, the x axis is transverse, and the system is analysed sectionally, that is, 
each y = constant plane is considered separately, so that the system is effectively two-dimensional. 
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3. Holography of the QKMV Parameters 



The value of r at the event horizon of the QKMVo black hole, i^, is obtained by setting 
A r above equal to zero and taking the largest positive root: 

a 2 + 4vrQ* 2 - 8vrM*r h + r£/L 2 = 0. (6) 

We see that, as far as the position of the event horizon is concerned, the effect of 
adding charge is just to augment the effect of angular momentum. Quantities associated 
with the event horizon, such as the Hawking temperature, therefore depend on charge 
and angular momentum in much the same way. 

As usual, the root only exists if the constant term, given by a combination of the 
angular momentum and charge parameters, is not too large: we have 

a ' + f Q * 2 < 3 x (2ttM7L) 4 / 3 . (7) 
L 2 

Notice that this is the only restriction on the parameter a. [This is in sharp contrast to 
the topologically spherical case, where, independently of the censorship condition, a is 
bounded by the curvature scale L, in order to ensure that frame-dragging effects do not 
diverge at infinity [52] .] 

The temperature of the black hole is given by a complicated combination of M*, Q*, 
and a, but for our purposes it will be more useful to use equation (jfJJ) to eliminate Q* and 
a, so as to express the temperature in terms of M* and rh only [as in [28J]: 

2r? - 4vrM*L 2 



27TIA 2 ' v ' 

One can readily verify that this decreases monotonically as either charge or angular mo- 
mentum is added to a black hole with fixed M*, and that it vanishes for all extremal 
holes. Since we will be supposing that this black hole is dual to a field theory describing 
a quark-gluon plasma, which of course cannot be arbitrarily cold, something must render 
these black holes unstable before they reach extremality; a fact also strongly suggested 
by the non- vanishing of the entropy in that limit, as Hartnoll pointed out in [50J. We 
have shown elsewhere [38] [30] that the Seiberg-Witten effect can explain this, whether we 
approach extremality by increasing the charge or by increasing the angular momentum. 
Here we will study the effects of doing both, simultaneously. 

Let us assume that the QKMVo black hole has a dual interpretation, in the usual holo- 
graphic sense. We now ask whether it is possible to reconstruct the black hole geometry, 
given the relevant physical parameters on the boundary. 

The quantities T and a have a direct holographic interpretation in the boundary field 
theory: they correspond to the temperature of the field theory and to the ratio of its 
angular momentum density to its energy density, respectively. For any asymptotically 
AdS spacetime, the curvature parameter L has a physical interpretation as a time scale: 
it is the scale set by the proper time required for an object to fall from infinity to any 
fixed location. It should therefore be associated with some characteristic time scale of the 
QGP. For reasons to be explained, we assume that this scale is the "fiducial" lifetime of 
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the QGP, that is, its lifetime in the absence of induced instabilities of the kind we shall 
discuss in this work. 

Typical values are as follows. As mentioned, the temperature at the critical point is 
thought to be around 175 MeV, or rather below 1 fm -1 in natural units. The temperature 
of the QGP might take values, in future beam energy scan experiments, very roug hhj in 
the range 0.5 - 2 fm -1 . [Bear in mind that the QGP may be able to exist at relatively low 
temperatures when the chemical potential is large.] In [30J we computed a rough estimate 
for the parameter a, in collisions with optimal impact parameter, attained in previous 
runs at the RHIC experiment: it is of the order 20 fm. It is not yet clear what values 
the beam energy scan programmes mentioned in Section 1 will produce, but, in order to 
be definite, we shall take it that, in the optimal collisions, a ~ 100 fm is a reasonable 
order-of-magnitude estimate for future experiments. [Actually, our results are remarkably 
insensitive to the value of this parameter when the chemical potential is not negligible; 
most of the numbers we obtain in that case would change by less than 1% if a = 100 fm 
were replaced by a = 20 fm.] Finally, as we mentioned above, the QGP is thought to 
have a lifetime of around 5 fm/c in heavy ion collisions at currently observed [that is, low] 
values of the chemical potential, so this is the independent time scale here, and we adopt 
this as our value for L. All of these estimates are provided mainly as an aid to intuition; 
we make no pretence of either accuracy or precision, which would be pointless in any case 
under the circumstances. 

If Q* = 0, then, if we know a, T, and L, we can completely reconstruct the geometric 
parameters of the dual black hole by solving the two equations and ([8]) for the two 
unknowns rh and M*. But if Q* does not vanish, then we need a third equation. This 
is provided by the relation between the charge parameter and the chemical potential 
fi. [Note that we are referring here to the quark, not the baryonic, chemical potential.] 
Typical values for this quantity around the critical point are estimated to be similar to 
the temperature; one can hope that the experiments will ultimately probe values for \i 
ranging between 1 and perhaps 3 or 4 fm -1 . 

There is a standard procedure for establishing the relation between the charge pa- 
rameter and fi, but here it encounters a peculiar difficulty For a non-rotating AdS black 
hole, one can transform to the Euclidean domain and show that the "timelike" Killing 
vector vanishes at the origin of coordinates [which corresponds to the event horizon on 
the Lorentzian section]. This forces the time component of the gauge potential to vanish 
there, and that allows one to fix the additive constant which naturally occurs in that 
component^). This constant fixes the asymptotic value of the gauge potential, which in 
turn is identified with a fixed multiple of the chemical potential of the boundary theory. 
A similar argument works for the topologically spherical AdS-Kerr-Newman metric, as 
we will shortly see; but in that case one has to take care to apply the argument at the 
points where the event horizon intersects the ergosurface. 

The problem here is that, for the QKMVo spacetime, the event horizon never intersects 
the ergosurface [28]. The proof of this statement is straightforward: with some algebraic 

The beam scan experiments probe lower temperatures, but note that we are only interested in 
collisions which definitely produce a plasma, since of course only these could have a dual description 
in terms of a black hole. 

8 There is of course a slightly more complicated Lorentzian argument to the same effect, using the 
fixed points of the Killing flow. 
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manipulations one can write the time-time component of the metric as 

-A r + a 2 A^ 



g(QKMV, 



o)tt 



P 



(9) 



which clearly never vanishes on the event horizon if a is not zero. In order to obtain a 
relation between the charge parameter and the chemical potential of the field theory, we 
therefore need to proceed differently 

The point to note here is that fi is determined not by the full potential, but rather 
only by its asymptotic value. As one would expect from general considerations of four- 
dimensional black hole theory [in the absence of any kind of scalar "hair" - - see [51] 
for that very different situation], this value can only depend on the ADM parameters 
of the black hole; in fact, in the topologically spherical AdS-Reissner-Nordstrom case, it 
is given simply by the black hole charge and the value of the radial coordinate at the 
horizon, rh — which of course is determined by the ADM parameters. [Equivalently, it is 
given by rh together with the charge density on the horizon.] It cannot, therefore, depend 
on the topology of the event horizon, since this is not related to the ADM parameters. 
Intuitively: very far from the black hole, one cannot tell, by purely local measurements, 
whether the r = constant, t = constant surfaces are planar or spherical. When evaluating 
asymptotic quantities, such as the value of a field at arbitrarily large distances from the 
black hole, we can therefore perform the calculation on either the topologically spherical 
or the planar black hole geometry, provided that we match the parameters suitably. [This 
would not be valid, of course, for global quantities such as the integral of a function over 
the entire spacetime, for example, an action integral, and indeed the distinction between 
spherical and planar event horizons is crucial for the brane action.] 

Let us use this idea to find an expression for the chemical potential of a field theory 
dual to a shearing, electrically charged AdS black hole. 

We begin, then, by discussing the duality between electric charge on the bulk black 
hole, and the chemical potential of the dual theory, as it arises in the context of a topolog- 
ically spherical AdS-Kerr-Newman metric. [Thus, the setup here is precisely the charged 
version of the geometry used by Atmaja and Schalm in [27] .] That metric is given by 

EH] ESI 



g(AdSKN) 
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Q 2 
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— cos^6» 
Lr 



L 2 



11) 



Here M and Q are the ADM mass and charge, and a is the ratio of the ADM angular 
momentum to the ADM mass. [For the factors of 5, see [19] [52].] Note that the area 
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of the event horizon is, because of the way H occurs in the metric, given by an unusual 
expression: 

47r(r? + a 2 ) , . 

Area h = V h ^ ^. (12) 



The charge density at the horizon is therefore given by 

fti = . , 2 -7 5T- (13) 

For technical reasons it will be convenient to work, until further notice, in the Eu- 
clidean regime. 

The topologically spherical Euclidean AdS-Kerr- Newman gravitational instanton met- 
ric takes the form 



g(EAdSKN) = ^ 
Pe 



where 



dt + ^sin 2 6>< 



2 + 4dr 2 + 4d^ 2 + SMA " 



adt 



r — a 

HE 

(14) 
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f^E\2 
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4:71 



1 + ^ cos 2 £ 
a 2 

1 + Lr 



(15) 



Here the superscript or subscript E denotes the Euclidean version of the respective quan- 
tity [both angular momentum and charge being complexified]. When cosmic censorship is 
satisfied, so that an event horizon exists in the Lorentzian case, the polynomial Af has a 
positive root r , and the range of r is constrained by r > r ; note that, from the definition 
of Af, Tq > a 2 , so p| is always positive. Notice that the instanton is well-defined for all 
values of a [including values not permitted to the Lorentzian version of this space]. For 
convenience let us [purely formally] define a Euclidean version of the charge density, from 
equation (fT3]) : 

iS E Q 



(16) 



4vr(r 2 - a 2 ) ' 

for reasons just explained, this is well-defined for all values of a. 

For a QKMVo metric with given values of M*, Q*, and a, we can construct the corre- 
sponding Euclidean instanton by complexifying the time coordinate, the charge, and the 
angular momentum. We match this to a topologically spherical instanton as follows: take 
it to have the same value of a, the same value of the Euclidean radial coordinate at the 
origin, r , and the same value of the Euclidean charge density, so that 



(17) 



r 2 4vr(r 2 -a 2 )' 

This fixes the topologically spherical instanton, because equation ( TT7|) allows us to com- 
pute Q in terms of M*, Q*, and a, and then the two equations for r allow us to determine 
M in the same way. 
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Returning to the topologically spherical instanton: the Euclidean field potential is 
given, up to a gauge transformation, by 



A 



S*Qr 



+ K 



aQr sin 2 # 
dt — — #; 



'11 



here k is a constant which could be removed by a choice of gauge, but which we shall 
need below. Notice that, through p^, the coefficients here depend on both r and 9. 
The Euclidean squared length of the Killing vector d t is given by 



mi 



Af + a 2 sin 2 #A E 



(19) 



The geometry being Euclidean, this means that d t itself must vanish when A E vanishes 
and 9 is either zero or tt, and hence A E must satisfy Af = A E (<9t) = at those locations 
[which correspond to the points where the ergosurface touches the event horizon in the 
Lorentzian version of the geometry]. 

Substituting r = r and 9 = or tt into the potential, it follows that k is given by 



Qr /47r(ro — a 2 ), so that we have 



A 



H E Qr 
4vrp 2 



S E Qr 



+ 



4vr(r 2 



dt - 



aQr sin 2 # 
— a — 5 — ( 



(20) 



Using equation (117j) we may write this 

S E Qr 
47rp 2 



as 



A E = 



E 



+ SI 

TO 



dt - 



aQr sin 2 ^ 



d(j>. 



(21) 



If we assume that the Lorentzian version of this geometry is dual to a field theory with 
a non-zero chemical potential p, then [37] p is obtained as a multiple^) of the asymptotic 
value of the time component of A. We therefore have a deceptively simple-looking result0: 



Q* 



vrLr h 



(22) 



In accordance with the above discussion, we take it that this expression, derived in the 
topologically spherical setting, is also valid for the QKMVo geometry. 

Combining this result with equations ([6]) and OH]) we obtain finally the following three 
equations: 

Q„ „2 /(„3..2T2 

(23) 



4ttT 


3r h 
L 2 


a 2 47r 3 /x 2 L 2 




4 


- + 47r 3 L 2 /i 2 r h 


8ttM* 


L 2 




4ttQ* 2 = 


4 7 rVr 2 1 L 2 . 



(24) 
(25) 



9 See [53] ; we follow the same conventions. 

10 Note that the chemical potential in the topologically spherical case is given, according to this deriva- 
tion, by fU, — SQri 1 /[47r 2 L(r^ + a 2 )], which is not at all formally similar to the result in the non-rotating 
case. In both formulae, in any case, fj, depends indirectly on all of the black hole parameters, through r^. 
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It is elementary to show that, given positive values for T, a, and L, equation (|23|) always 
has exactly one positive real solution for r^. Once we have rh, then the remaining equations 
allow us to compute M* and Q* if we are given a, fi, and L. In other words, given the 
physical parameters T, a, L, and fi in the boundary field theory, we can always solve these 
equations for the remaining geometric parameters M* and Q*, and so we can find the dual 
QKMVo bulk geometry. 

We now show how to use this knowledge to investigate the evolution of the Seiberg- 
Witten effect in the bulk for given boundary parameters. 

4. Instability of the QKMV Black Hole 

The basic objects in applications of the AdS/CFT duality are the AdS-Schwarzschild black 
holes with either spherical or planar event horizons. These geometries can, however, 
be modified in a variety of interesting ways; for example, one can directly distort the 
geometry, as in [54j[55j[56j, or one can distort it indirectly by adding charge or angular 
momentum. 

Distortions of the bulk can cause the bulk theory [and therefore, by the AdS / CFT cor- 
respondence, the boundary field theory] to become unstable. Specifically, by considering 
a particular kind of probe brane, Seiberg and Witten [3TJ identified an extremely general 
form of instability that can arise under such circumstances, and in fact this "Seiberg- 
Witten instability" plays an essential role in maintaining the validity of the AdS/CFT 
correspondence [57J. 

In some cases, but not in all, one can see how this works explicitly, because the 
distortion of the bulk is sometimes accompanied by a corresponding distortion of the 
conformal geometry at infinity, and this affects conformal couplings to that geometry: see 
the discussion in [57] . 

This straightforward explicit description is not always possible, however, because it 
is certainly not true that every modification of the bulk is reflected in the boundary 
conformal structure: for example, increasing the mass of an AdS Schwarzschild black 
hole has no effect whatever on its boundary conformal structure, which remains locally 
conformally flatf"! The same is true here: as was mentioned in Section 2 above, the 
boundary remains globally conformally flat when angular momentum [and charge] are 
added to the planar AdS black hole, and so [since the conformal structure is represented 
by a metric of zero scalar curvatura 12 | there is no effect on conformally coupled fields. We 
shall see that the addition of angular momentum does lead to Seiberg- Witten instability 
in the bulk of a planar AdS black hole. By the AdS/CFT correspondence, this implies 
that the boundary theory must also be unstable, but this instability is clearly not due 
to any pathologies in the boundary conformal structure. This means that it is possible 
for the AdS / CFT correspondence to reveal an instability which might be very difficult to 
detect in the boundary theory itself. 

Before proceeding to the computation of the relevant brane action, we have the fol- 
lowing observation. When AdS black holes are unstable in the Seiberg- Witten sense, one 

11 See [55] [56] for the mathematics of this observation. 

12 In the topologically spherical case considered by Sonner [48] , the boundary is locally but not globally 
conformally flat, so the conformal structure is represented by a metric of positive scalar curvature. 
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finds that the effect arises initially in regions where the radial coordinate is very large. 
In more detail: the instability arises because the brane action becomes negative [and, in 
all of the cases to be considered here, unbounded below] beyond some value of the radial 
coordinate. But, if for example the angular momentum is slowly increased from zero, this 
happens "near infinity" , not near the event horizon. 

For example, for a shearing charged planar black hole with dual parameters given by 
T = 2 fm -1 , fj, = 1 fm -1 , a = 100 fm, and L = 5 fm, the relevant brane action [see 
below for the details^! ] has a graph of the kind shown in Figure 2. The action is clearly 



c.$(r) 




r 



Figure 2: [Multiple of the] Brane Action, T = 2 fm , jj, — 1 fm , a = 100 fm, L = 5 fm. 

negative beyond a certain large value of r, but not near to the black hole. As the angular 
momentum is reduced, the curve bends down less, and the region where the action is 
negative moves outward. If the angular momentum and the charge are precisely zero, 
then the curve is actually asymptotic to a positive constant, so the action is positive and 
increasing everywhere: a brane nucleating in that geometry will tend to contract back 
into the black hole. But as long as the angular momentum is not zero, the system will 
always be unstable, in the sense that a brane which nucleates in a region sufficiently far 

13 The function being graphed here is actually the expression in braces on the right side of equation 
HH)) below. 
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away will always be able to decrease its action globally [below the value near the horizon] 
by expanding; it can escape to infinity. 

This aspect of the instability is useful, because it shows that the effect is extremely 
robust. For example, we cannot hope to show that couplings other than that of the brane 
to the metric [such as might arise, in the charged case, if one were able to obtain the 
electric field by means of a Kaluza-Klein reduction of some higher-dimensional theory] 
will remove the instability. To do so, they would have to be effective in the asymptotic 
region, where there should be no "hair" other than the usual ADM parameters of the 
black hole metric; this is highly implausible^!. We conclude that, certainly at angular 
momenta and charges which are not extremely large, we can analyse the instability just 
by studying the effect of the spacetime geometry on the structure of the pure brane action. 
[This was the procedure followed, for example, by Maldacena and Maoz [58], who were 
the first to consider Seiberg-Witten instability in the presence of a gauge field.] 

One might be concerned that this could break down at very high angular momenta or 
charges, but, in practice, our numerical data suggest that the instability arises at large 
values of the radial coordinate for all physically relevant values of these parameters; in fact, 
the numerical data show that, particularly in the regime of relatively low temperatures in 
which we are interested here, the region of negative action moves outward after the charge 
on the hole exceeds a certain [not very large] critical value. In general, then, this region is 
well within the zone where the only relevant parameters are the ADM parameters of the 
black hole. We shall therefore proceed as suggested, though a more elaborate computation 
may well ultimately be worthwhile. 

Let us turn, then, to the form taken by the Seiberg-Witten brane action when the 
background is given by the QKMVo geometry. Formally, the computations are precisely 
as in [30], though with one improvement, as follows. In that work, in order to avoid an 
apparent irregularity in the corresponding instanton geometry, we enforced the condition 
— ^ < ip < where ip is the Euclidean version of the coordinate which appears in 



equations (j2J) and (J3]), and where has to satisfy ^ < yL/a. In [32], however, it was 
shown that [when a is strictly non-zero, as we assume henceforth] it is possible to replace 
ip with a coordinate £ parametrising a circle, defined by 



* = /i 8i,11 (vf «) ; (26) 

here sinl(x) is the lemniscatic sine, a periodic function ranging between ±1. Thus in fact 
the apparent irregularity is a coordinate problem: ip ranges between ±v/L/a, the two 
values corresponding to the same point. With this modification, we can simply follow 
the discussion in [30] • Essentially this involves a somewhat intricate computation of the 
volume and area of a brane inhabiting the Euclidean version of the QKMVo geometry, 
followed by a continuation back to Lorentzian signature. Eventually we find that the 
brane action in this case is, for a brane of tension G, 



2a(~) f r 2 / r 4 
$[QKMV ] = ^j-ya2 + --87rM*r + 47rQ*2 



-arcsinhf ) + 

a v r / r 




14 Furthermore, they would have to remove an infinite quantity of negative action. 
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(27) 



Note that the action vanishes at the event horizon, and that the expression is only valid 
at and beyond r = r^ 

As we have seen, it is possible to compute rh, M*, and Q* if we are given the physical 
data from the boundary theory [its temperature, angular momentum density, energy 
density, and chemical potential]. Thus, all of the parameters in the action are known 
in terms of those data. We can now study the behaviour of the brane action as those 
quantities are varied. 

In all cases, however, we can write the action in the following form: 



2a6 f-5VaL 

5' 



$[QKMV ] = _^_^- r + 



r 



= + v/aLrh - 47rMyL 3 /a 



aL 

+ 0(l/r 2 ) . (28) 



(a 2 • 1~Q' 2 ) X L ;4 /a 



2r 

For small values of r, the action is positive; but one sees from this equation that it rather 
quickly comes to resemble a linear function with a negative slope proportional to the 
square root of the parameter a [see Figure 2], which implies that, for all non-zero angular 
momenta, the action will become and remain negative beyond some value of r; it is in fact 
unbounded below. All of these black holes are unstable. Holographic duality then implies 
that a non-zero angular momentum density is an intrinsically destabilizing influence in 
the dual field theory. The effect becomes more marked at larger values of a, and so one 
speaks of a "holographic angular momentum cutoff" . We see now that the effect is present 
whether the chemical potential vanishes or not, since the presence of Q* does not change 
the asymptotic form of the action function [though of course it does change its numerical 
value at any given value of the radial coordinate]. The question is how to assess the effect 
of charge in a quantitative manner. 

In a system evolving as rapidly as the quark-gluon plasma, instability is not necessarily 
a problem: all instabilities take time to evolve, and this time may not be available — a 
point which often plays a crucial role in heavy ion physics [see [59] for a recent example]. 
In [5n] we proposed a simple way of measuring the time required for the Seiberg-Witten 
instability to develop for the KMVo geometry. Let us see how this extends to the QKMVo 
case. 



5. Time Evolution of SW Instability in the Quark Matter Phase Plane 

It is clear that the time required for the Seiberg-Witten instability to manifest itself in 
these systems should be related to the time required for the region of negative action to 
influence the entire bulk, including the region near to the event horizon. 

Now AdS itself has a natural time scale, set in the following way. The proper time 
required for a massive point particle to fall from rest [at any point, but we can take the 
point to be at infinity] to the centre of AdS is given [60] by 7rL/2. Thus L, which we 
normally regard as a "curvature radius" , actually has a more directly physical role: it sets 
the time scale for dynamics in AdS and for the dual field theory. 
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It is natural to adapt this procedure to the present case: the time required for the 
entire black hole spacetime to be affected by the misbehaviour of branes lying beyond 
r = r neg [the value of r where the graph of the brane action crosses the horizontal axis] 
should be determined by the proper time required for a massive but electrically neutral 
particle, released from rest relative to a zero angular momentum observer, to fall from a 
point with r = r neg to r = r^, the location of the event horizon. 

For simplicity we consider the case of orbits in the QKMVo geometry satisfying if) = 
0, the "equatorial" plane. Then the equations for the orbit are, as in |30j . 



t 



+ 



- Ca 



constant, 



(29) 



ta + Cr 



0. 



(30) 

where the dot denotes a derivative with respect to proper time. Combining these with 
the fact that the geodesic tangent is of unit length and with the initial conditions, one 
finds that the time required, which we denote by r(a, T, fi, L), is given by 

r* 1-1/2 



t(&,T,(jl, L) 



a 2 + 4vrQ 



*2 



neg 



ncg 



8ttM* 



^neg 



a 2 + 47rQ 



*2 



r 2 



dr. 



(31) 

Given the field theory parameters a, T, L, and /i, we can compute, as we have discussed, 
r h , M*, and Q*, so r neg can be computed by finding the larger positive real root of the 
expression in equation (12?]) . Thus everything in this expression is now known to us in 
terms of the boundary data. 

Let us examine some explicit values, treating them with due caution. In accordance 
with our earlier discussion, we take a to be around 100 fm [though, as we mentioned 
earlier, the results vary with a only slightly when the chemical potential is non-zero]. To 
fix L, recall from our discussion above that when the angular momentum/energy density 
ratio and the chemical potential are small, as they have been in experiments performed 
hitherto, then the point where the action graph cuts the horizontal axis recedes to infinity. 
Letting r neg tend to infinityEU in equation ( l3~Tj) . we find that the time required is again 
7rL/2, so, as above, we take it that L is the characteristic time scale defined by the plasma 
as it appears in these experiments, roughly 5 fm/c. 

We can now numerically investigate r(a, T, /i, L) as a function of position in the 
quark matter phase diagram, specifically in the region 0.5 <T<2, < /i < 5 in units 
of inverse fm. The results are shown in the table: the times are given as multiples of the 
approximate lifetime of the QGP in heavy ion collisions, so that values below unity mean 
that the instability can develop within the normal lifetime of the plasmat^l. 





/i = 


/i = 1 


fx = 2 


/i = 3 


/i = 4 


/i = 5 


T = 2 
T = 1 
T = 1/2 


1.5522 
1.5006 
1.3370 


1.5169 
1.0975 
0.80525 


1.1125 
0.81091 
0.67613 


0.91000 
0.71996 
0.63535 


0.81236 
0.67685 
0.61558 


0.75637 
0.65187 
0.60310 



15 This is most easily done by changing to a new variable, s = r/r nog , to replace r, though care in taking 
the limit should be exercised. 

16 We remind the reader that the T = 1/2, /i = entry is not physical, because the plasma does not 
exist in that corner of the phase diagram. The same may be true of the T = 1/2, /i = 1 entry. 
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Taken at face value, the numbers indicate that, when the chemical potential is small, 
the time required for the Seiberg-Witten instability to develop is considerably longer than 
the time available: the QGP can evolve without interference in that case. But as one scans 
across the table to larger values of the chemical potential, the instability develops at a 
dramatically enhanced ratJ^I. effectively shortening the lifetime of the plasma. Note that 
quark polarization is thought [14J to be a cumulative process, building up as a result 
of multiple scattering; therefore it requires a substantial period of time, relative to the 
lifetime of the plasma, to reach observable levels, if it does so. A reduction of the plasma 
lifetime by the large factors indicated here can therefore be expected to have important 
consequences. 

6. Conclusion: Quark Polarization in the Phase Diagram 

There are at least two ways of using the numbers in the table above. First, if one begins in 
the region of the quark matter phase diagram currently being investigated by the ALICE 
experiment [31] at the LHC [large T, /j « 0] and moves diagonally down to around T = 
1 fm -1 , fi = 3 fm _1 , one sees that the time required for the instability to develop falls 
quite dramatically; so if we observe quark polarization effects in the first case, and then 
scan to large values of the chemical potential, we might find that the rate at which such 
events are seen would decrease accordingly. Secondly, we see that this reduction might 
be even more marked if one scanned down to still lower temperatures but more moderate 
values of /i, say to T = 1/2 fm -1 , fi = 2 fm^ 1 — that is, to a region of the phase diagram 
which might realistically be accessible to FAIR and NICA. If one could see both, then an 
explanation in terms of the Seiberg-Witten effect might begin to seem plausible. [In fact, 
the numbers suggest that it is precisely for fi in the range of 1 to 2 or 3 fm -1 that the 
reduction in the times is most marked; there is little to be gained by going to 4 or 5 fm -1 , 
even if that were possible.] 

There are at least two problems with this scenario, one theoretical, the other observa- 
tional. First, we have been assuming that the parameter a remains fixed. Since a is the 
ratio of the angular momentum density to the energy density, it is not clear exactly how 
it varies during scans of the sort we are describing, since both densities will decrease, on 
average, for collisions at lower energies; one expects it to fall somewhat, though not very 
drastically. As we have mentioned, in practice this has very little effect on the numbers 
we obtain, so this is not a matter for concern. The second difficulty is more serious: 
precisely because the scan reduces the energies of the collisions, high angular momentum 
events will be harder to identify in any case, and one would need to separate this from 
the effect we have been describing. In addition, there is some reason for concern that the 
hydrodynamic approximation may start to break down in collisions of this kind: see the 
data reported in [62] . 

Even as a qualitative prediction, then, the idea that a "holographic" abbreviation of 
the plasma lifetime may be observed as experiments scan to large values of the quark 
chemical potential seems optimistic, for reasons we have just discussed, in addition to all 

1 In fact it is possible that we are overestimating the times here, since lower temperatures in themselves 
tend to increase rates of brane nucleation: see [61] [though note that the calculations done there assume 
an event horizon with the topology of a compact hyperbolic space]. 
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of the usual reasons: QCD is not strongly coupled in the UV, its coupling runs, and so on. 
Nevertheless it is useful to ask what it would mean if something of this sort were observed. 
The AdS/CFT correspondence is often described as a "gauge-gravity" duality, but [40] 
this is a misnomer: it is important for the duality that there are other objects in the 
bulk, apart from the metric. Seiberg-Witten instability reveals a concrete aspect of this, 
since it involves branes in a basic way. Any experimental evidence, however imprecise, 
suggesting that this effect is real, would therefore also be direct evidence that the correct 
dual description of QCD involves branes, in an equally basic way. 
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